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For the IV-VI semiconductor family we derive an exact relation between the microscopic gap edge
wave functions of the bulk insulator and the Dirac-Weyl topological surface state wave function,
thus obtaining a fully microscopic surface state. We find that the balance of spin-orbit interaction
and crystal field in the bulk, and the band bending at the surface, can profoundly influence the
surface state spin-momentum locking. As a manifestation of this we predict that the spin texture
of the M -point Dirac cones of SnTe can be tuned through an unexpectedly rich sequence of spin
textures – warped helical with winding number ±1, kx linear, hyperbolic, and ky linear – e.g. by
tuning the band bending at the surface.
Introduction: Topological insulators (TI) are a state
of matter revealed only by the presence of a surface. As
such, these are materials for which the bulk-boundary re-
lationship is of profound importance. A full understand-
ing this relation would involve an explicit route from the
microscopic variables of the bulk insulator (spin, angu-
lar momentum, parity, etc.) to the emergent effective
degrees of freedom of the topological Dirac-Weyl (DW)
surface state (pseudospin and chirality). Unfortunately,
as most TI’s are very complex materials, such a fully ex-
plicit connection has escaped analytical analysis. The
relationship between microscopic and effective variables
in TI’s, in particular between spin and pseudospin has,
therefore, remained obscure. The purpose of this paper
is threefold: (i) to provide an exact relation between bulk
and surface wavefunctions for a wide class of TI’s; (ii) to
show that while the TI energy spectrum is universal (the
DW cone) the corresponding wave functions are, due to
the bulk-boundary connection, highly non-universal; and
(iii) on this basis, and as an example, to demonstrate a
hitherto unsuspected richness in the spin texture of the
M -point Dirac cones on the (111) surface of the topolog-
ical insulator SnTe1,2.
The IV-VI semiconductor family adopt a simple rock-
salt crystal structure and, perhaps uniquely amongst the
topological insulators, offer the hope of such a fully mi-
croscopic theory. We employ a band structure model
proven to describe these materials3–7 along with a topo-
logical boundary condition5,8 leading to an interface
equation of the super-symmetric type whose solution
yields the DW surface state. In contrast to previous
studies8–10 – in which the bulk electronic structure is
also described in terms of effective Dirac Hamiltonian –
our model begins at the tight-binding level and allows
us to explicitly express the surface state in terms of the
truly microscopic variables: the electron spin and the
p-orbitals of the constituent atomic species. From this
fully microscopic yet analytical approach two interesting
observations follow. Firstly, there are two distinct mech-
anisms that act to entangle spin in the surface state: (i)
spin-orbit induced spin mixing within the bulk wave func-
tions themselves11 and, (ii), an intrinsic topological spin
entanglement arising from the superposition of bulk band
edge states that comprise the topological surface state.
Secondly, we find that the microscopically derived sur-
face state wave function has, for the same crystal facet, a
highly non-universal richness of spin structure: not only
a helical spin texture – the “standard result” – but also
hyperbolic and linear spin textures. Which of these is re-
alized depends sensitively on the microscopic physics of
the material: the balance of spin-orbit and crystal field
effects in the bulk, and the band bending at the crystal-
vacuum interface.
Band structure model of the IV-VI semiconductors:
An analytically tractable yet fully atomistic theory of the
IV-VI semiconductors has been developed by Pankratov
and co-workers3–7, and this will form the basis of our dis-
cussion of these materials. The bulk spectrum possesses
a direct band gap at the L points of the face centred
cubic Brillouin zone (BZ), at which there exist Kramers
degenerate band edge states that are of pure group IV
or group VI character, and for which parity is a good
quantum number. By convention positive (negative) par-
ity labels the group VI (group IV) species. These band
edge states are expressed in terms of the standard linear
combinations of the Bloch functions derived from atomic
p-orbitals Φ±↑↓0 = Φ
±↑↓
z , Φ
±↑↓
± = ∓
(
Φ±↑↓x ± iΦ±↑↓y
)
/
√
2
as
Φ−2 = − sin
Θ−
2
Φ−↓+ + cos
Θ−
2
Φ−↑0 (1)
KΦ−2 = − sin
Θ−
2
Φ−↑− + cos
Θ−
2
Φ−↓0 (2)
Φ+1 = cos
Θ+
2
Φ+↓+ + sin
Θ+
2
Φ+↑0 (3)
KΦ+1 = cos
Θ+
2
Φ+↑− + sin
Θ+
2
Φ+↓0 (4)
where K is the Kramers operator, the superscript ± la-
bels parity, and the superscript ↑↓ the z-component of
the spin which is quantized along the (111)-axis, a nat-
ural coordinate system for electronic structure at the L
point. The spin ad-mixture of these gap edge wave func-
tions is controlled by two material dependent spin mixing
parameters Θ±, that depend on the ratio of the crystal
field mixing of the p-orbitals w± to the spin-orbit cou-
pling strength for each atomic species ~λ±:
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1 + 3(w±/~λ±)
. (5)
In the basis of the four bulk band edge states given by
Eq. (1-4) the low energy electronic structure of the bulk
material is described by a Dirac Hamiltonian
H =
(
∆0 ~ τ .V k
~ τ .V k −∆0
)
(6)
in which all objects are referred to the local L-point
coordinate system: τ is the vector of Pauli matrices
(τx, τy, τz) and V a velocity matrix V = Diag(v⊥, v⊥, v‖)
where v‖ (v⊥) stands for the velocity parallel (perpendic-
ular) to the (111)-direction. The bulk band gap 2∆0 is
defined as the difference in energy between the L6± band
edge states: 2∆0 = L6− − L6+ .
The topological surface states: There are four non-
equivalent L-points in the bulk band structure, each of
which generates its own Dirac cone surface state. To
focus exclusively on the bulk-boundary correspondence
we consider a surface for which these Dirac cones do
not interact; amongst the high symmetry facets this
is realized by the (111) surface for which the bulk L
points project to the Γ and to the three inequivalent
M points of the hexagonal surface BZ2. The topo-
logical boundary condition5,8 then allows us to model
the bulk-boundary problem simply by replacing the con-
stant ∆0 in Eq. (6) by a z dependent gap function
∆(z) = ∆0f(z), where z is the direction normal to the
surface and f(z → −∞) → −∞ (the vacuum side) and
f(z → ∞) → 1 (the material side). The surface is de-
fined by the fact that ∆(z → −∞) = ∞ on the vacuum
side while ∆(z → ∞) = ∆0, the bulk band gap, on the
material side. A topologically non-trivial interface re-
quires band inversion on the material side with respect to
the vacuum side8. We therefore have ∆(−∞)∆(∞) < 0
implying ∆0 < 0; for the IV-VI materials this is sat-
isfied by Pb1−xSnxTe12, and Pb1−xSnxSe13 (for large
enough x). Finally, we introduce an energy shift func-
tion ϕ(z) = ϕ0f(z) in order to model band bending at
the surface. The choice of the same scaling function for
∆(z) and φ(z) does not affect generality since, as we will
show, f(z) does not enter the in-plane physics of the DW
surface state.
To implement this within Eq. 6 for an arbitrary crys-
tal facet requires a coordinate transformation such that
the kz axis coincides with the surface normal. This is
achieved in two steps: (i) a rotation Rz(α) about the
(111) axis followed (ii) by a rotation Ry(β) about the
new ky axis. In this way we obtain the following differ-
ential equation in z:
(
∆(z) λ
λ −∆(z)
)
ψ = (− ϕ(z))ψ, (7)
where λ = A− iB∂z with A = ~
(
τ .RV R†k⊥
)
and B =
~
(
τ .RV R†ez
)
, with R the composite rotation operator
and where we introduced the standard notation k⊥ =
kxex+kyey. This eigenvalue problem may be solved by a
similar strategy to that deployed in Ref. 6 and 7: Eq. (7)
is squared and a unitary operator applied that yields two
decoupled spinor equations. The required transformation
is ζ = Sψ with
S =
√
∆0
2 (ϕ20 −∆20)
( √
ϕ0 + ∆0
√
ϕ0 −∆0
−√ϕ0 + ∆0
√
ϕ−∆0
)
⊗D (8)
where D = eiκz [a+ (1− iτz) + ia− (τy − τx)] /2 with
a±(β) =
√
1± (v⊥ sin2 β + v‖ cos2 β)/v1 and v1 =√
v2⊥ sin
2 β + v2‖ cos
2 β. In the solution to Eq. (7) the
parameter κ ∈ R will turn out to encode a mixing of real
momentum into the exponential decay envelope of the
surface state, but for now represents a free parameter.
This procedure results in two separate equations for the
two spinors ζ± in ζ = (ζ+, ζ−):
[
B2(κ− i∂z)2 +W (z)2 ∓ ~v1σzW (z)
+ {A,B}(κ− i∂z)
]
ζ± =
[
2ϕ20
∆20 − ϕ20
−A2 + 2
]
ζ± (9)
where W (z) =
√
∆20 − ϕ20
[
f(z) + ϕ0/
(
∆20 − ϕ20
)]
. The
linear in kz terms of Eq. 9 may be removed by the freedom
to choose κ, and in this way the eigenvalue problem can
be brought to the familiar equation of Witten’s super-
symmetric quantum mechanics:
[
−~v1σz∂z ±W (z)
][
+~v1σz∂z ±W (z)
]
ζ±
=
[
2 −A2 + {A,B}
2
4B2
+
2ϕ20
∆20 − ϕ20
]
ζ± (10)
The ground state of the positive semi-definite opera-
tor on the left hand side follows from the equation
[~v1σz∂z ±W (z)] ζ± = 0, for which there are only two
linearly independent normalizable solutions for the de-
cay envelope of the surface state: ζ−s = c−
(
0, 1
)T
g(z)
and ζs = c+
(
1, 0
)T
g(z) where s = 2H(ϕ0) − 1, with
H(x) the Heaviside function. Substitution of either of
these yields a differential equation for the surface state
decay function given by [~v1∂z +W (z)] g(z) = 0, and
yields the solution g(z) = N exp
[
−s 1~v1
∫ z
0
dz′ W (z′)
]
where we have defined the normalization N =(∫∞
−∞ dz exp
[−2s/(~v1) ∫ z0 dz′ W (z′)])−1/2. The re-
quirement for the surface state to be normalizable on
both the material and vacuum sides demands that W (z)
changes sign asymptotically. The presence of the energy
shift function, however, complicates this “natural” topo-
logical boundary condition requiring in addition that: (i)
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FIG. 1. Dependence of the topological spin texture for the (111) surface M-point Dirac cone on the the microscopic physics
of the IV-VI semiconductor. The rich diversity of spin textures (see Eq. 16) may be characterized by a “texture number”
η = tanh b/a, positive for helical and negative for hyperbolic textures. The left hand panels display a density plot of η versus
the spin mixing angles Θ±, which encode the balance of spin-obit interaction and crystal field in the bulk – see Eq. (5). Each
panel represents a different value the surface band bending parameter: ϕ0/∆0 = 0.60, −0.24, −0.40, −0.80 (panels (1a) to
(1d) respectively). The panels on the right show the spin texture calculated using Θ± that describe the IV-VI semiconductor
SnTe6,7, and are shown for each of the ϕ0/∆0 presented in (1a-1d). The background density plot represents the magnitude of
the spin and the arrows the direction. The spin texture is in each case plotted for the electron cone (and would change sign
on the hole cone). Note that the winding number of the texture changes from -1 (2a) to +1 (2b) as the band bending changes
from downwards to upwards.
the band bending at the surface must be less than the
gap function i.e. |ϕ0| < |∆0| and (ii) −s <  < s with
s = −ϕ(−s∞)
(
∆20/ϕ
2
0 − 1
)
, i.e. the Dirac cone now
exists in a semi-infinite energy range, merging with the
valence (conduction) bulk bands for s = +1 (s = −1).
For the full surface state (and not just its z depen-
dent envelope) we evidently require the coefficients of
the spinor solutions ζ±. The decoupled problem cannot
determine these coefficients and we must therefore sub-
stitute the wave function ψ = S−1(ζ+, ζ−)T back into
Eq. (7). This results in a system of 4 equations of which
only two are independent, and may be written as
~γ
(
0 vxkx − iv⊥ky
vxkx + iv⊥ky 0
)(
c+
c−
)
= 
(
c+
c−
)
(11)
where the basis for this equation is obtained from the
transformation from pseudospin back to atomic variables.
In this way we find the basis functions linking the pseu-
dospin and atomic variables to be given by the Kramers
conjugate pair of functions X and KX where:
X = sF−G+Φ−2 +sF−G−KΦ
−
2 +F+G+Φ
+
1 +F+G−KΦ
+
1
(12)
and where F± = 1/2
√
1± ϕ0/∆0e∓ipi/4 depends
only on the surface band bending, and G± =
(a±(β) cosβ/2∓ a∓(β) sinβ/2) e∓iα/2 only on the angles
α and β describing misorientation between the principal
axis of the L point Fermi pocket and the surface normal.
Eq. (11) evidently describes a DW surface state, and
thus for an arbitrary facet of a IV-VI semiconductor we
find that the spectrum is an anisotropic Dirac cone
k⊥l = l~γ
√
v2xk
2
x + v
2
⊥k2y (13)
with vx = (v‖v⊥)/v1 and γ =
√
1− ϕ20/∆20. The
anisotropy is controlled by the ratio of the two veloc-
ities vx/v⊥ which, through vx, depends on the surface
orientation. In pseudospin space the solution of Eq. 11 is
(
c+
c−
)
=
1√
2
(
1
leiφ
)
(14)
with φ = tan−1[v⊥ky/(vxkx)]. The microscopic surface
state wavefunction is, however, not the pseudospin so-
lution of the DW equation but this solution expressed
in terms of the basis functions X and KX of the DW
equation:
Ψk⊥l = (c+X + c−KX)e
ik⊥.r⊥eiκzg(z) (15)
where the effective pseudospin degree of freedom has
given way to the microscopic physical spin encoded in the
bulk gap edge wavefunction through Eq. (12). These ex-
pressions, Eq. (12) and Eq. (15), are the central results of
this paper: they provide an explicit connection between
4the topological surface state and the microscopic physics
of the semiconductor. The spin structure of the surface
state will, therefore, be determined by the superposition
of gap edge states, and thus be governed by Eq. (12).
Such spin mixing will involve both that intrinsic to the
bulk states (spin-orbit coupling driven) as well that from
the superposition of bulk states (spin mixing from the
topological boundary condition). This relation is, one
should note, applicable to any bulk Hamiltonian of the
form given by Eq. (6) (although the gap edge basis func-
tions will evidently change from material to material),
and so represents a rather general relation between bulk
and surface states in topological insulators, applicable,
for instance, to the Bi2Se3 TI class (if p
2 corrections are
ignored)8,14.
The spin polarization: The expectation of the physical
spin operator is now easily calculated from Eq. (15):
〈Ψk⊥l | σ | Ψk⊥l〉 = l
−a cosφb sinφ
mz sinφ
 (16)
where l = ±1 for the electron and hole cone respec-
tively, a = ρ1(vx/v‖) sin2 β + ρ2(vx/v⊥) cos2 β, b =
ρ2, and mz = sin(2β)
[
(vx/v‖)ρ1 − (vx/v⊥)ρ2
]
/2. In
these expressions we have defined the constants ρ1 =
1
2 (1 +
ϕ0
∆0
) cos Θ+ + 12 (1 − ϕ0∆0 ) cos Θ− and ρ2 = − 12 (1 +
ϕ0
∆0
) sin2 Θ
+
2 +
1
2 (1− ϕ0∆0 ) cos2 Θ
−
2 . From Eq. 16 it is seen
that the spin polarization consists of an in-plane compo-
nent given by the tangent field to the conic section form
k2x/a
2 + sign(ab)k2y/b
2 = 1, and an out-of-plane compo-
nent governed by mz. While formally similar results have
been presented before, the novel feature of Eq. 16 lies in
the fact that the spin texture is now determined by all the
microscopic variables of the IV-VI semiconductor: the
anisotropy of the L-point Fermi surface (v‖ and v⊥), the
balance of spin-orbit and crystal field interactions (Θ±)
in the bulk, the angle between the crystal facet and the
principle axis of the L-point Fermi pocket (β), and the
band bending at the surface (ϕ0/∆0).
We will first consider the spin texture of the Γ-point
Dirac cone on the (111) facet, β = 0. The spin polariza-
tion is then in-plane (mz = 0) with polarization param-
eters a = b = ρ2, i.e. a circular spin texture of winding
number −sign(ρ2). Inserting the known values of Θ±
for SnTe6 in the formula for ρ2, yields, for downward
band bending (ϕ0 > 0) as seen in experiment
15, a wind-
ing number of -1 (+1) for the conduction (valence) elec-
trons and a polarization of ≈ 0.8µB – in agreement with
ab-initio calculations and experiment16. Note that the
band bending significantly influences the spin texture:
for ϕ0/∆0 = −(sin2 Θ+2 − cos2 Θ
−
2 )/(sin
2 Θ+
2 + cos
2 Θ−
2 )
we even have ρ2 = 0, i.e. the topological polarization of
the surface state vanishes. The agreement with experi-
ment for the experimental band bending thus represents
a rigorous test of the theory.
Having thus validated our model, we now consider the
M -point Dirac cones. These have cosβ = 1/3 which re-
sults, as we now show, in a profoundly rich and highly
tunable spin texture. Firstly, a non-zero value of β im-
plies that all possible sign combinations of a and b can
be realized which, as the spin texture is the tangent field
to k2x/a
2 + sign(ab)k2y/b
2 = 1, implies that circular, ellip-
tical, hyperbolic, as well as linear spin textures are possi-
ble. The left hand panels of Fig. 1 display the qualitative
form of this spin texture as a function of the spin mixing
parameters Θ±, plotted for four different values of the
band bending (see figure caption for details). Evidently
both of these microscopic variables profoundly influence
the qualitative form of the spin-momentum locking in the
topological surface state.
FIG. 2. Surface polarization and spin texture parameter as a
function of band bending for the M -point cone of the (111)
surface of SnTe. The shaded region represents the range of in-
plane polarization, while the dashed dark line the maximum
magnitude of the out-of-plane component. The light (red)
line shows the spin texture parameter which is positive for
a helical texture, and negative for a hyperbolic texture (the
highlighted region). Note that the winding number of the spin
texture changes from -1 to +1 on going though the hyperbolic
region. Arrows (a-d) indicate the spin textures plotted in
panels (2a-2d) of Fig. 1.
The spin texture for SnTe is shown in the four right
hand panels for the same four values of the band bending.
Remarkably we see that simply by tuning the band bend-
ing from downward to upward, the spin texture evolves
from helical with winding number -1 (2a), through linear
(2a) and hyperbolic (2c) textures, to finally a helical tex-
ture of winding number +1 (2d). The full evolution of
the spin texture parameter η = tanh b/a and spin polar-
ization as a function of band bending is shown in Fig. 2.
The spin polarization has a non-trivial out-of-plane com-
ponent (see Fig. 2) which, interestingly, is in agreement
with a recent ab-initio calculation for the M point16.
While the magnitude of this is approximately constant
(≈ 0.1µB), the in-plane moment is significantly larger
for downward (ϕ0 > 0) as opposed to upward (ϕ0 < 0)
band bending. In short, the spin-momentum locking is
5highly non-universal and, furthermore, highly tunable,
for example by application of a top gate or surface dop-
ing, both of which would alter the surface band bending.
Conclusions: On the basis of an exact relation between
surface state and bulk gap edge wave functions, valid for
a wide class of TI’s, we elucidate a precise relation be-
tween pseudospin and physical spin. The surface state
spin structure is found to emerge both from spin mixing
within bulk wave functions (bulk spin-orbit driven), as
well as from the superposition of these wave functions
in the surface state (TI boundary condition driven), and
highly sensitive to band bending in the surface region).
Thus while the surface Dirac-Weyl spectrum is univer-
sal, the surface Dirac-Weyl wave function is highly non-
universal, and exhibits significant dependence on all the
microscopic variables of the material. The physics of the
TI surface state – impurity scattering, gap opening, as
well as direct indicators of the spin texture such as the
RKKY interaction – is thus expected to exhibit a sensi-
tive dependence on bulk microscopic physics and a tun-
able sensitivity to surface physics.
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